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Abstract

A new method for micromechanical properties of three-dimensionally braided composite materials via homogeni-
zation theory and incompatible multivariable FEM is proposed in this paper. An incompatible displacement element
and a hybrid stress element are developed to model the effective mechanical properties of three-dimensional textile
composites. Some illustrative applications are presented for a typical class of four-step braided composites. Results of
the hybrid stress element approach compare more favorably with the experimental data than other numerical methods

widely used.
© 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Earlier researches in constitutive characteristics of 3-
D braided composites were carried out based on a large
number of assumptions in simplifying the analysis, such
as the widely used isostrain or isostress assumptions
regarding the distribution of strain or stress in a loaded
structure [1]. When the strain distribution between var-
ious laminate subsystems is assumed to be uniform, the
isostrain model is obtained [2,3]. On the other hand, if
the stress distribution between various laminate sub-
systems is assumed to be uniform, the isostress model is
obtained. A direct consequence of the assumptions in
the isostrain and isostress models is the violation of
equilibrium and compatibility conditions, respectively,
between the laminate subsystems in the unit cell. For
instance, for composites with a significant fraction of the
fibers that orient at a low angle (15-30°) from the
loading direction, the isostrain model predictions devi-
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ated significantly from the experimental measurements
[3]-

Finite element analysis is a useful and versatile ap-
proach employed by many researchers to predict mate-
rial mechanical properties. One of such approaches
termed hybrid stress element [4] was proposed by Pian in
1964, and the theory and application of the hybrid ele-
ments have since been greatly developed and improved.
An optimizing condition for hybrid elements was of-
fered, and a new approach for developing optimal stress
patterns was presented. With this approach, a more
general resultant element by Wu and Bufler [5] was es-
tablished without any treatment of perturbations. The
optimized hybrid model shows a superior numerical
behavior. This can be verified by some benchmark
problems in comparison with analytical solutions, for
example, cantilevers under loads at ends, hollow spheres
with thick walls under inner pressures, etc. [6].

On the other hand, for heterogeneous materials like
the textile composites, mathematical homogenization
theory [7-10] seems to be the most suitable approach to
estimate the macro-level effective elastic properties based
on the microstructures. This theory in essence can be
viewed as a kind of singular perturbation methods
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suitable for problems with boundary layers [11] that
exist at regions near the interfaces of different phases in a
heterogeneous medium. Increasingly the theory has been
employed in conjunction with the finite element method
for the solution of heterogeneous materials [12-22].
However, since the displacement field was interpolated
with the isoparametric elements in this approach, the
selective reduced integration has to be used to avoid
locking [22]. Furthermore, the Voronoi cell finite ele-
ment method [15,16] is proposed for analyzing micro-
structures which consist of random dispersions of second
phase inclusions in the matrix.

In order to overcome the intrinsic deficiency of the
isoparametric finite element treatment, the incompatible
element and hybrid element are constructed and applied
to the homogenization theory to model the representa-
tive unit cell of 3-D braided fabric reinforced composites
in this paper.

2. Asymptotic expansion homogenization

We look for an asymptotic expansion of the dis-
placement u¢ as follows [22]:

() = (5, 9) e} (x,9) + ) 1)
where the functions %, u!,u?,... are Y-periodic with
respect to y. The strain and stress can be expanded as
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Inserting Eq. (3) into the equilibrium equation, the fol-
lowing equation is deduced since the terms prior to &
should be zeros:
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where 3 (y) is a Y-periodic function defined in the unit
cell Y. If ¢ tends to be zero, the first two terms are
considered in the formula (3). The stress in Q° is
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The average of JS-)) in the domain Y is written as
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The elastic constant C/f,, defined above is independent
of y. It is called the homogenized equivalent elastic
constant.

3. Finite element method implementation

To obtain the homogenized elastic constant, it is
necessary to solve for y¥ satisfying Eq. (4), i.e.,
Ciju) =0 (10)
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It is evident that x is the generalized displacement, and
% (Cijur) is the generalized force. As
J
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Use of the divergence theorem gives
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The unit cell of three-dimensionally braided composite
materials is idealized as shown in Fig. 1. It is meshed by
the hexahedral elements with eight corner nodes. This
kind of element, referred to as multiphase element, may
comprise more than one kind of materials.

Optional Axial Yarns

T e —— g ———

Fig. 1. Repetitive unit cell for a 3-D braided fabric.
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3.1. Incompatible finite element

Based upon the general formulation of incompatible
functions [23], the NHI11 incompatible element is gen-
erated and adopted here. The incompatible parts of the
displacement are hence introduced as follows:

u=Ng+ N"A (13)
where N* is the shape functions of incompatible dis-
placements of the element NH11. 4 denotes the displace-

ment parameters in the element. Once the geometric
relation is introduced, there is

e = (DN)q + (DN*)A = Bq + BA (14)

where D denotes the differential operator in the rela-
tionship between the strain and displacement. Based on
the potential principle of incompatible system, Eq. (12)
can be written in the variational form:

m,=3" { / (5¢"B" + 54"B' )C(Bg + BA)dV
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where V¢ denotes the volume of every element in the
domain Y. By using the extreme value condition, the
following equations are derived:
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It can be written in the form of matrix, i.e.,
K, K, q| _ | P,
[K;,q K |\4f~|P, (17
From the second row of the above equation, 4 can be

expressed in terms of ¢. Then, the stiffness equation of
incompatible element is obtained:

(K,,— K,K;'K;))g=P,— K,K,'P, (18)

Considering that the equivalent nodal force of the ele-
ment should not account for the effect of the incom-
patible shape function N*, the stiffness equation (18) is
revised into

(Kyy — Kq/iK;;.lK/iq)q =P, (19)

3.2. Hybrid stress element

According to the Hellinger—Reissner variational
principle, the energy functional of the incompatible
discrete system can be expressed as

Mg =Y { /V {— %aTsa + 6" (Du,)
+ ol (Du;) — f(u, + u,-v)] dV} (20)

where S is the compliance matrix of the element mate-
rial. u, and u; are the compatible and incompatible parts
of the element displacement, respectively. f is the gen-
eralized body force that corresponds to the last term in
Eq. (10). ¢ is the stress which can be assumed to be the
sum of the constant stress ¢. and the higher-order stress
oy, 1.C.,

6=0.+0on=PB.+¢,p, =P+ [ ¢II}{£III} (21)

Based on the consistency requirement of incompati-
ble hybrid element, the optimizing condition for hybrid
element is applied [5], that is

ou ne, dS = 0 (22)

ore

where 0V° is the element boundary and » is the outward
normal vector of the element boundary. Substituting the
expressions (13) and (21) into (22) induces

SATMB, =0 (23)
where
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and
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It is difficult to get the analytical form of M; and M.
However they are functions of the nodal coordinates of
the element and can be calculated by numerical inte-
gration. From Eq. (23), there is

M, MH]{ glll } ~0 (26)
Expressing f;; in terms of f; leads to

c=0.+06,=p. + ¢ P (27)
where

b, = ¢ — duMy' M, (28)

Substituting Eq. (27) into (20), the Hellinger—Reiss-
ner variational principle is rewritten as
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From the stagnation value condition of the functional
(29), the stiffness equation of the hybrid element can be
obtained.

4. Numerical evaluations and discussions

In this study, textile composites of four-step braiding
process with a 1x1 pattern are used. A currently em-
ployed representative volume element (RVE) or unit cell
[2,3] that captures the major features of the underlying
microstructure and composition is shown in Fig. 1. The
only two independent variables include the surface braid
angle 6 and the system fiber volume fraction v;. Based on
the typical geometric RVE, the isostrain and isostress
mechanical models were first created to study its re-
sponse under loading conditions [2,3].

In this section, the experimental results as well as the
predictions from the isostrain model (ISN) and the
weighted average model (WAM) are excerpted from [3],
while the predictions from the isoparametric displace-
ment element (ISO) detailed in [24], the incompatible
displacement element (INC), and the hybrid stress ele-
ment (HYB) are performed in this paper. Numerical
results from the five approaches are compared with
experimental measurements. Next, a parametric study
using the hybrid stress element method is carried out to
investigate the effects on the global effective mechanical

properties of the independent system parameters of the
3-D braided composites.

4.1. Experimental data and comparisons

The braid threads are AS-4 yarn (6K) of graphite
fiber by Hercules and the matrix is the Shell 862 epoxy
resin with W curing agent. Their elastic properties are
shown in Table 1. Table 2 summaries the details of the
specimens tested experimentally in [3]. Tables 3 and 4
present a comparison of the experimental measurements
against the predictions from the five different models
including both predictions and associated percentage
errors. The tolerance in measured values is within +8.5%.

It can be shown that the errors of the five analytical
methods are all reasonably small for the unidirectional
samples. There are however differences between the
predictions in the case of 3-D braided samples. When
there is no axial yarn, the three models ISO, WAM and
HYB predict results closer to experimental measure-
ments than both ISN and INC. Furthermore, it is shown
that the HYB model generates an overall more stable
error level. Even in the case where axial yarn is used, the
HYB model still gives acceptable prediction. Similar
conclusion can be reached from the comparison of re-
sults of the transverse moduli in Table 4. So in general,
the HYB method can give more accurate and stable
numerical results for a wide range of braided compos-
ites, compared to the experimental results.

4.2. A parametric study on the effective mechanical
properties

Using the hybrid finite element method, the effective
mechanical properties of 3-D composites by four-step

Table 1
Elastic properties of epoxy resin and AS-4 yarns [3]
Epoxy resin AS-4 yarns
E (GPa) G (GPa) Ef] (GPa) Er_) (GPa) Gﬂz (GPa) GQg (GPa) Ur12
2.94 1.07 234.6 13.8 13.8 5.5 0.2
Table 2
Details of the specimen geometric parameters [3]
Sample 1D Architecture 0 vr
Ul Unidirectional 0 0.27
U2 Unidirectional 0 0.28
U3 Unidirectional 0 0.23
Bl Braided 17 0.38
B2 Braided 17 0.40
B3 Braided 20 0.46
B4 Braided 22 0.44
B5 Braided 25 0.29
BAIl Braided with axials 0, 25 0.53 (28% axials)
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Table 3
Comparison of measured and predicted longitudinal moduli for the various composites considered in this study
Sample Measure ISN WAM ISO INC HYB
ID (GPa) (GPa) (%) (GPa) (%) (GPa) (%) (GPa) (%) (GPa) (%)
Ul 62.6 65.5 4.6 65.5 4.6 63.6 1.6 63.6 1.6 63.6 1.6
U2 66.9 68.8 2.8 68.8 2.8 69.2 34 69.2 34 69.2 34
Bl 43.6£1.9 55.7 27.8 48.3 10.8 39.3 9.9 32.5 25.5 46.0 5.5
B2 459+1.2 58.4 27.2 50.7 10.5 40.4 12.0 334 27.2 46.9 2.2
B3 48.0+3.0 53.7 11.9 47.0 2.1 40.1 16.5 33.2 30.8 44.8 6.7
B4 385124 43.7 13.5 38.6 0.3 34.5 10.4 28.6 25.7 38.1 1.0
B5 212418 238 12.3 21.4 0.9 212 0.0 17.1 19.3 238 12.3
BAl 59.2%1.2 65.8 11.2 56.8 4.1 49.0 17.2 443 25.2 54.8 7.4
Table 4
Comparison of measured and predicted transverse moduli for the various composites considered in this study
Sample Measure ISN WAM ISO INC HYB
ID (GPa) (GPa) (%) (GPa) (%) (GPa) (%) (GPa) (%) (GPa) (%)
U3 5.52 4.79 13.22 4.79 13.22 5.01 9.24 4.87 11.78 4.98 9.78
Bl 6211041 5.74 7.57 5.74 7.57 6.17 0.64 5.67 8.70 6.22 0.16
B4 6.02£0.30 6.22 3.32 6.21 3.16 6.56 8.97 6.15 2.16 6.54 8.64
1x1 braiding process have been predicted as shown in 80
Figs. 2-9 where agl5, ag25 and ag25a denote the surface
braid angle 6 = 15°, 25°, and 25° with 30% axial yarns, =
and v;40, v:50 and v:50a are the fiber volume fraction a
vr = 40%, 50%, and 50% with 36% axial yarns, respec- 8
tively. 2
In Figs. 2 and 3, with an increase in surface braid E
angle, the system longitudinal modulus decreases at a g
given fiber volume fraction. If there are lay-ins of axial 2
yarns however, the loss in longitudinal modulus can be g
significantly reduced. As expected, the longitudinal
modulus increases with the fiber volume fraction. In o ‘ ‘ ‘ ‘ ‘ ‘
Figs. 4 and 5 of transverse modulus, the modulus aug- 30 35 40 45 50 55 60 65
ments with an increase in either surface braid angle or fiber volume fraction (%)
the fiber volume fraction. The existence of axial yarn ) o )
Fig. 3. Longitudinal modulus versus fiber volume fraction.

longitudinal modulus (GPa)

surface braid angle (9°)

Fig. 2. Longitudinal modulus versus surface braid angle.

transverse modulus (GPa)

surface braid angle (6°)

45

Fig. 4. Transverse modulus versus surface braid angle.
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Fig. 7. Shear modulus versus fiber volume fraction.

leads to a slightly lower modulus. The variations of the
shear modulus with the surface braid angle and fiber
fraction are depicted in Figs. 6 and 7. Notice that in Fig.
6 there is an optimal value for the surface braid angle

0.7

0.65 7

0.6

0.55 7

0.5 1

0.45 1

Poisson ratio

041 .

0.35 T

surface braid angle (6°)

Fi

—

g. 8. Poisson’s ratio versus surface braid angle.

0.7

0.65 + —

0.6 +

0.55

Poisson ratio

0.5 +

0.45 +

0.4 f f f f t t
30 35 40 45 50 55 60 65

fiber volume fraction (%)

Fig. 9. Poisson’s ratio versus fiber volume fraction.

where the shear modulus reaches the maximum; yet the
axial yarn seemly diminishes this characteristic. Again
the shear modulus increases as fiber fraction increases.
This phenomenon of optimal surface braid angle shows
more significantly in the case of major Poisson’s ratio
shown in Fig. 8, even when the axial yarn is used. The
axial yarn has a distinctive effect on Poisson’s ratio at
given 0 and vy values, and likewise, a greater vr leads to a
higher Poisson’s ratio (Fig. 9).

5. Conclusions

Incorporating with homogenization method, both
the incompatible displacement element and hybrid stress
element are developed to predict the mechanical be-
havior of braided composites. The incompatible element
in this paper can pass the patch test condition. The
hybrid element is constructed based upon the consis-
tency condition.

The hybrid element method provides the best results
comparing to the experimental measurements in the
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micromechanics of 3-D braided composites, among all
five methods considered here including the incompatible
element approach.

A parametric study using the homogenization theory
combined with the hybrid stress element is conducted for
system effective mechanical properties of 3-D braided
composites. It provides a robust design guide for 3-D
braided composite materials.
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